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A yield criterion and plastic stress-strain relations are formulated for anisotropic metals deformed under conditions of plane strain. The equations are shown to be hyperbolic, the characteristics coinciding with the directions of maximum shear strain-rate. When the anisotropy is uniformly distributed, the variation of the stresses along the characteristics is expressed in terms of elliptic functions, and geometrical properties of the field of character istics are established. The theory is applied to the problem of indentation by a flat die.
I n t r o d u c t io n
In an earlier paper (Hill 1948) 4 theory was proposed describing the macroscopic plastic behaviour of polycrystalline anisotropic metals. The theory was shown to be consistent with the experimental evidence then available, and has since been found to be in accord with more recent data (an account will be presented elsewhere). I t seems worth while, therefore, to pursue the implications of the theory in greater detail. The present paper is concerned with the two-dimensional problem of plane plastic strain. General methods of integrating the plane-strain equations for isotropic metals are well understood; the equations are hyperbolic, the characteristics being in the directions of maximum shear stress or shear strain-rate. Relations describing the variation of the stress and velocity components along the characteristics, to gether with various geometrical theorems, were established by Hencky (1923) and Geiringer (1930) . The equations of plane strain for anisotropic metals are also hyper bolic, and the characteristics are in the directions of maximum shear strain-rate (Hill 1948) . The main purpose of the present paper is to obtain the relations holding along the characteristics, and to examine whether there are simple geometrical properties analogous to the theorems of Hencky for isotropic metals. Theory of plane plastic strain for anisotropic metals
T h e e q u a t io n s r e f e r r e d to t h e a x e s o f a n is o t r o p y
The anisotropy is regarded as being due to a preferred orientation of the grain texture, and is assumed to have three mutually orthogonal planes of symmetry at every point. Their lines of intersection are called the axes of anisotropy. In the following analysis it is supposed further, for simplicity, th at the anisotropy is uniformly distributed in magnitude and direction. This is, for example, approxi mately realized in a bar or strip cut from the central part of a cold-rolled sheet; the axes of anisotropy he in the direction of rolling, transversely in the plane of the sheet, and normal to this plane.
Let (x,y,z) axes of reference be taken coincident with the axes of anisotropy. Let the state of plane strain be such th at the z axis is normal to the planes of flow. Then, according to the theory formulated in the earlier paper (Hill 1948) , the yield criterion takes the form^{ 
The stress a2Z, normal to the planes of flow, is given by
The stresses also satisfy the equations of equilibrium
For reasons that will appear later it is convenient to write
N(F+G)
( -00 < c < 1 ).
(FG+GH + HF)
If N is greater than both F + 2 Ha nd G f 2 F + 2
Ha nd G + 2H, c is positive. States of anisotropy for which N is intermediate to F + 2Ha nd G + 2 Ha ppear not to be easily realizable in practice, c is material is isotropic, and also for states of anisotropy such that
W ith the notation of equation (5) the yield criterion can be rewritten as
The plane-strain tensile yield stress cr in the dire x axis is found by substituting cr cos2 0, cryy = cr sin2 0 ( Txy -sin 6 cos 0, in (6), leading to \ l -e -c ______ V. csin2 2 I t is evident th a t cr has equal values in any set of four directions ± ± (\tt -0), and hence th a t the angular variation of cr is symmetrical about the axes of anisotropy and about the 45° directions. The corresponding values (3) of < rzz are, however, different unless F = G .If c is positive, a has a minimum directions of the axes of anisotropy, and a maximum value 2 in the 45° directions; if c is negative, cr has a maximum value 2T ( l -c) in the directions of t anisotropy, and a minimum value 2T in the 45° directions.
The tensor e^, representing the rate of strain referred to the axes of anisotropy, is assumed to be related to the function/(<r^), governing yielding, by the equation
where A is a positive factor of proportionality which varies both in space and time. If other axes of reference are taken, the components of stress and strain-rate are related by a similar equation, the form of the function / being changed under the transformation because of the anisotropy. If and vy denote the components of velocity referred to the anisotropic directions, elimination of A from (8) gives
The first equation expresses the incompressibility of the material, and the second is equivalent to a relation between the orientation ^ of a principal stress direction, with respect to the x axis, and the orientation of a principal strain-rate direction:
Hence \Jr' -xjr only if ^ = 0, 45 or 90°; this is a consequence of the fourfold symmetry of the angular variation of the tensile yield stress. The five equations (4), (6) and (9) between the five unknowns crxx, cryy, , vx and vy, involve only two parameters, namely, T, which is a measure of the average resistance to deformation, and c, which specifies the state of anisotropy in the planes of flow.
Ta nd c can be experimentally determined by two measu for example, in compression tests (under conditions of plane strain) a t 0 and 45° to the axes of anisotropy. I t is only necessary to know the separate magnitudes of the four parameters F, G, H, N (or X, Y, Z, if it is required to calculate crzz.
T h e e x is t e n c e o f c h a r a c t e r ist ic s
I t will now be shown th at there exist curves (characteristics) across which certain derivatives of the stress and velocity components may be discontinuous under suit able boundary conditions. Suppose th at the stress distribution has been determined in some region to the left of a curve C (figure 1), and th at it is required to find whether this solution can be continued to the right of Let Cartesian axes of reference (£, tj) be taken coincident with the normal and tangent at some point P on and let < fi0 be the anti-clockwise rotation of the £ axis from the x direction of anisotropy. The corresponding components of stress are denoted by crvv and cr^. If the distribution of stress is assumed to be continuous, the derivatives d<rvvld7 ] and da^/dr/ at the point P are continuous across G. Hence, from the equations of equilibrium, dcr^/dE, and dcr^/dg are also continuous across C at P of the yield criterio nf(cr^,crvVcr^) = 0 with respect to £ gi ves the equation
from which to calculate dcrvvl d f The solution is unique, unless dfjdcr^ is, unless evv = 0, according to (8) . In this case, further boundary conditions must be prescribed if the solution is to be continued across these may be such that 0cr?7/0£ is discontinuous. C is therefore a characteristic if it coincides at every point with a direction of zero extension. Through each point pass two characteristics; the orthogonal directions of zero extension. Since the material is incompressible these are also the directions of maximum shear strain-rate (slip-lines), but not, in general, maximum shear-stress directions.
If, then, the tangent at P is a direction of zero extension, df/dcr^ = -0/ / 0< r = 0. From (11 ),0<r^/0£ = 0, and similarly, by differentiating the yield criterion with respect to 7],it may be shown that dcr^fdrj = 0. Hence, from the equation
when the (£, ij) axes coincide with the directions of zero extension at P. The existence of characteristics for the velocity components (vg,vv) may be simi larly demonstrated. Supposing the velocity to be continuous, the derivatives dvjdrj and dv jdi7 at P must be continuous across G. From the incompressibility equation it follows th at dv^/dE, is also continuous. However, if df/d  there may be discontinuities in A and dvv/d£,. The directions of zero extension, therefore, are also characteristics for the velocities. If the (£, rj) axes coincide with the directions of zero extension a t P,
The inclinations
dyfdx of the characteristics relative to the x axis of may easily be shown to be the roots of the equation For applications to special problems it is necessary to regard the characteristics as curvilinear axes, and to introduce the corresponding stress components «raa, orap, where the two families of characteristics are denoted by the symbols a and /?. The families are distinguished by the convention th a t <ra/? shall be a positive quantity, to preserve the analogy with the isotropic theory. If < j) is the anti-clockwise orienta tion of an cl characteristic to the x axis of anisotropy, the yield criterion (6) becomes d£ dy 
R e l a t io n s a l o n g t h e c h a r a c t e r ist ic
T (1-c sin2 20)* \ where the positive square root is to be taken. I t may be verified th a t
where and p = -2(<raa + °r/?/?) is the mean compressive stress.
To express the relations (12) along the characteristics in terms of the variation of p and 0, substitute 
sn (u, k)' is the Jacobian elliptic function with modulus k (which takes complex values when c is negative), and E(u, k) is the standard elliptic
Jo Jo
For values of 0 in the range ( -%tt) u lies in the range ( -K, K), where K is the quarter-period of the elliptic function. When 0 lies in the range (\n, %n) u must be taken in the range ( K, 2 K ),and so on for other value (17) reduce to the well-known relations for isotropic metals, due to Hencky 
R. Hill
Alternatively, u may be regarded as the independent variable instead of (j> , and the formulae written in the form M = -p + cT snw cntt dnw Tap   Tdnw, -E(u) = constant on an a-characteristic,
To transform (13) These are identical in form with .the equations of Geiringer (1930) for isotropic metals.
P r o p e r t ie s o f t h e f ie l d o f c h a r a c t e r ist ic s
In the isotropic theory of plane plastic strain several geometrical properties of the field of characteristics were established by Hencky. Since they are indispensable for the solution of special problems, it is natural to examine whether analogous properties exist in the anisotropic theory.
I t is convenient to introduce the quantities (a, /?) defined by the relations 2<x==v r~9, 2P = r r +9'
According to (17), a is constant along a /?-curve, and /? is constant along an a-curve. a and /? may therefore be regarded as curvilinear co-ordinates for the field of cha racteristics. From (21)
Consider any pair of /^-curves, a = a x and a = a 2, say. The difference in the values o f g where an a-curve (/? = constant) cuts the two /?-curves is, by (22), equal to a 2 -a x, and is therefore independent of / 3.Thus, the difference where two given curves of one family are cut by any curve of the other family, is a constant. Conversely, any two orthogonal families of curves possessing this pro perty constitute a characteristic field for a plastic mass in equilibrium under certain boundary conditions. In Hencky's theorem it is the difference in the values of (f> th a t is constant along two given characteristics. This is not true for anisotropic material except in the special case where the difference is \n.
If, now, a section of an a-curve, say, is straight, is constant along it; hence g, p and a (as well as /?) are all constant along the section. I t follows from the previous theorem th at the corresponding sections of all a-curves are also straight, and so, as a simple consequence, th at they are of equal length. An example of such a field is th at consisting of radii and concentric circular arcs, whose common centre is a point singularity for the stress distribution. This field appears in the problem solved below.
I n d e n t a t io n b y a pl a t r ig id d ie
I t is evident th at the present theory is only applicable throughout a process of plastic deformation so long as the state of anisotropy does not change appreciably, or changes in such a way as to remain uniformly distributed. The indentation of the plane surface of a block of metal by a flat rigid die satisfies the first condition, since the amount of plastic strain in the material near the die is restricted by the sur rounding elastic material. The indentation of an isotropic mass was first discussed by Prandtl (1920) ,'and recently by the writer (Hill 1949). In the latter paper it is shown that, if elastic strains are neglected, indentation cannot begin until the plastic region has spread sufficiently far to include the two velocity characteristics extending from some point on the die to the free surface. The development of the plastic zone, as the load on the die is increased, is governed by the state of stress in the elastic, or non-plastic, material. However, with a natural assumption about the general direction in which the plastic zone spreads, the distribution of stress on the die can be determined at the moment when indentation begins, without a detailed knowledge of the stress in the non-plastic material. These considerations are equally applicable to the indenting of an anisotropic mass. In figure 2 let 0 0 ' be the surface of contact (assumed frictionless) between the and the material. The dimensions of the block, and the length of the die in the direction normal to the plane of the paper, are supposed to be large compared with the width 0 0 ' of the die. At the moment when indentation becomes possible assumed th a t the plastic zone covers the area between the broken curve and the section PP' of the surface. By the properties of characteristics the state of str is uniquely determined within the triangles OPQ and O'P'Q' formed by the inter secting pairs of characteristics through O, P and O', P', respectively. The state of stress in each of these regions is a uniform compression parallel to the surface. Let 7 (0 < y < \n) be the angle between the surface and the x axis of anisotropy (in the sense indicated in figure 2), and let angles POQ and O'P'Q' be denoted by 8. Then, according to (7) and (14) (17) and (18), the value of p in regions ORB and O'R'S is equal to p 0 + 2TE, where
is the complete elliptic integral of the second kind. The pressure on the die is therefore uniformly distributed, and is of amount P, where
When c = 0 this reduces to the Prandtl formula P = + \n). For a small degree of anisotropy, E can conveniently be calculated from the series 3c2 64 5c3 256 **■
where F is the hypergeometric function. The series expansion for P iŝ = 1+I _l(1+i +sin22r) --<27)
Tables for
Ea s a function of c or k2 are available (Jahnke & Emde 1933) for calculation of P for finite degrees of anisotropy (figure 3). I f c is positive, P is always less than 2T (1 + \ tt)\ if c is negative, P is greater than 2T (l + ^7r). Furthermore, P and the configuration of characteristics are the same for orientations y and \ tt -y of the axes of anisotropy; this is due to the symmetry of the anisotropy about directions making 45° with the axes of anisotropy ( §2).
The position of the point S has so far not been specified. Foi* i symmetry requires th at S should be the midpoint of the die face. F material, however, a priori considerations cannot decide the position of since it is dependent upon the state of stress in the non-plastic material, for it is this th at controls the development of the plastic zone.
Theory of plane plastic strain for anisotropic metals 437 As in the isotropic theory, the flow streamlines coincide with the characteristics parallel to PQBS and P'Q'R'S, respectively. This follows from the equations (20) th at the component of velocity in the direction of straight character istics remains constant along them. The plastic material below and , though stressed to the yield limit, is constrained to remain rigid by the surrounding non-plastic material. Hence the constant value of the velocity component along each of the characteristics normal to PQRS and P'Q'R'S must he zero, proving the stated result. It follows th at the resultant velocity is of magnitude V see d in O'P'Q'R'S, and of magnitude V cosec 8 in OPQRS, where V is the downward speed of the die.
